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Summary
1.1 The system of magnetohydrodynamics and related model
The mathematical model of magnetohydrodynamics is used to describe the motion of elec-
trically conducting fluids in the presence of a magnetic field and has a very wide range of
applications in astrophysics, plasmas, thermonuclear fusions, metallurgy semiconductor crystal
growth and related fields. In this thesis, we are interested in the well-posedness (the existence,
the uniqueness, the continuous dependence of the initial data) for the initial value problem of
the compressible viscous magnetohydrodynamic system.
In this thesis, we focus on the well-posedness for the initial value problem of the system of




!t%"+! · (%"u) = 0, t > 0, x " R3,
!t(%"u)# Lu+! · (%"u$ u) +!P (%" ) = (!% %B)% %B, t > 0, x " R3,





= !% (u% %B), t > 0, x " R3,
! · %B = 0, t > 0, x " R3,
(%", u, %B)|t=0 = (%"0, u0, %B0), x " R3,
(1.1.1)
where %" = %"(t, x) : R+%R3 & R+, u = u(t, x) : R+%R3 & R3 and %B = %B(t, x) : R+%R3 & R3
denote the density of fluid, the velocity of fluid and the magnetic field, respectively. The pressure
P = P (%" ) : R+ & R is assumed to be a smooth and monotone increasing function, namely
P !(%" ) > 0 and also depends only on the density %". The linear operator L is defined by
Lu = µ"u+ (%+ µ)!! · u (1.1.2)
and the Lamé coe#cients µ and % fulfill µ > 0 and & := % + 2µ > 0, which ensure that the
operator L is elliptic. The constants $ " R and # > 0 are the Hall coe#cient, the magnetic
di!usivity acting as a magnetic di!usion coe#cient of the magnetic field given by # = 1!0µ0 ,
where the constants #0 > 0 and µ0 > 0 denote the electrical conductivity and the magnetic per-
meability, respectively. The above system (1.1.1) is also called the Hall-magnetohydrodynamic
system and this system is used to model the magnetic recconection phenomenon, that is not
able to be explained by the magnetohydrodynamic system (1.1.1). The study of the Hall-
magnetohydrodynamic system has been initiated by Lighthill in [8]. Owing to its importance in
the theory of space plasma, like e.g., star formation, solar flares or geo-dynamo, it has received
lots of attention from physicists.
1.1.1 Scaling invariances and critical spaces
We shall denote the mathematical study of the Navier–Stokes system and the magnetohydro-
dynamic system in the whole space Rn (n ' 2). The initial value problem of the incompressible
1




!tu# &"u+ (u ·!)u+!p = 0, t > 0, x " Rn,
! · u = 0, t > 0, x " Rn,
u|t=0 = u0, x " Rn,
(1.1.3)
where & > 0 is the kinematic viscosity. The existence and smoothness of the global solution to
the problem (1.1.3) for large initial data is the celebrated open problem. For solving the problem
(1.1.3), a scaling invariance property plays an important role in showing the well-posedness for
the problem (1.1.3). If (u, p) is a solution to the problem (1.1.3), the pair of scaled functions
(u", p") given by (
u"(t, x) = 'u('
2t,'x),
p"(t, x) = '
2p('2t,'x),
' > 0 (1.1.3)
also satisfies the same equations. One can find that the invariant function class under the scaling







= 1 + s,
where Ḣsp = Ḣ
s
p(Rn) is the homogeneous Sobolev space defined by
Ḣsp(Rn) = {f " S !/P; (f(Ḣsp < )} with (f(Ḣsp = (F
"1[|(|s )f ](Lp .
In fact, (u"(Lr(R+;Ḣsp) = (u(Lr(R+;Ḣsp) holds for any ' > 0. Scaling invariance plays a funda-
mental role in the study of evolutionary partial di!erential equations. In the critical Sobolev
framework, Fujita–Kato [6] showed that the problem (1.1.3) is locally well-posed and globally
well-posed for the small data.
1.1.2 Homogeneous Besov spaces and Fourier–Besov spaces
Let us introduce the Besov spaces and Fourier–Besov spaces as follows: Let {)j}j#Z be the
Littlewood–Paley’s dyadic decomposition of unity, i.e., for a non-negative radially symmetric
function ) " S, we set (as for the construction of {)j}j#Z, see, e.g., [2], [10]);
))j(() := ))(2"j() (j " Z),
*
j#Z
))j(() = 1 (( *= 0) and supp )) + {( " Rn;
1
2
, |(| , 2}.
Definition (Homogeneous Besov spaces). Let s " R, 1 , p,# , ) and S ! = S !(Rn), P = P(Rn)
be the space of tempered distributions, the space of all polynomials, respectively. We define the
homogeneous Besov space Ḃsp,!(Rn) as follows:









Definition (Homogeneous Fourier–Besov spaces). Let s " R, 1 , p,#, r , ). We define the








p,!(Rn) := {f " S !/P; (f( !̇Bsp,!
















2,! coincide in the sence of norm equivalence.





Definition (Chemin–Lerner spaces). For s " R, 1 , p,#, r , ) and T " R+, we define the
Chemin–Lerner space !Lr(0, T ;Ḃsp,!) as follows:
!Lr(0, T ;Ḃsp,!) := C(0, T ;S(Rn))










Definition. Let s " R, 1 , p,#, r , ) and T " R+. We define the Chemin–Lerner !Lr(0, T ; )̇B
s
p,!)
based on the Fourier–Besov space as follows:
!Lr(0, T ; )̇B
s
p,!) := C(0, T ;S(Rn))










1.2 Regularity criterion for the density-dependent
magnetohydrodynamic system
In this thesis, we also treat the so-called density-dependent magnetohydrodynamic system
by coupling between the density-dependent Navier–Stokes system with the Lorentz force and




!t%"+! · (%"u) = 0, t > 0, x " Rn,
!t(%"u)# &"u+! · (%"u$ u) +!$ = ( %B ·!) %B, t > 0, x " Rn,
!t %B # #" %B + (u ·!) %B = ( %B ·!)u, t > 0, x " Rn,
! · u = ! · %B = 0, t > 0, x " Rn,
(%", u, %B)|t=0 = (%"0, u0, %B0), x " Rn,
(1.2.1)
where $ is the total pressure defined by $ = P + |
"B|2
2 . For the initial value problem for the
reformulated system of (1.2.1) by using the e!ective volume a := %""1 # 1, Abidi–Paicu [1]
established the local well-posedness with small initial density. In this thesis, we only state the
simplified result in [1] as follows:
Proposition 1.2.1 (Abidi–Paicu [1]). Let 1 < p < 2n and














then there exists T > 0 such that the problem (1.2.1) has a unique solution (a, u,B) satisfying
a " C([0, T ); Ḃ
n
p
p,1), (u,B) " C([0, T ); Ḃ
"1+np
p,1 ) / L




One of the most outstanding open problems in the mathematical fluid mechanics is to prove
the global in time continuation of the local solution of the Euler equations and the Navier–
Stokes equations for homogeneous incompressible fluid flows, or to find an initial data such
that the associated local-in-time solution blows up in finite time for n = 3. One of the most
significant achievements in this direction is due to Beale–Kato–Majda [3] in which they proved
the blow-up criterion for the local-in-time solutions. That is a smooth solution of the Euler
equations or Navier–Stokes equations u in R3 on [0, T ) is regular after t ' T , provided that
!% u " L1(0, T ;L%).
The majority of their studies only mentioned about the smooth solutions. The first purpose
of this thesis is to establish Beale–Kato–Majda’s criterion for the solution to (1.2.1) belonging
to the critical Besov spaces. The first part of this thesis is devoted to showing analogous result
to Beale–Kato–Majda [3] for the solution of the problem (1.2.1) obtained by Abidi–Paicu [1],
which refines the spatial topology of the criterion given by [9].
Theorem 1.2.2 (Regularity criterion). Let n ' 2, 1 < p < 2n and (a, u,B) be the solution of








dt < ) and
. T"
0
(!u(t)(L#dt < ), (1.2.2)
then the solution (a, u,B) can be continued beyond t = T&.
1.3 The system of magnetohydrodynamics with the Hall-e!ect
1.3.1 Incompressible case
Assuming that %" 0 const. and ! · u = 0 in (1.1.1), we obtain the following initial value




!tu# &"u+ (u ·!)u+!p = (!% %B)% %B, t > 0, x " R3,




= !% (u% %B), t > 0, x " R3,
! · u = ! · %B = 0, t > 0, x " R3,
(u, %B)|t=0 = (u0, %B0), x " R3.
(1.3.1)
In order to explain what we mean by critical regularity, we focus on a nearly scaling invariance
property for the incompressible Hall-magnetohydrodynamic system. In the case of $ = 0,





!tu# &"u+ (u ·!)u+!p = (!% %B)% %B, t > 0, x " R3,
!t %B # #" %B = !% (u% %B), t > 0, x " R3,
! · u = ! · %B = 0, t > 0, x " R3,
(u, %B)|t=0 = (u0, %B0), x " R3.
(1.3.2)
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u"(t, x) = 'u('
2t,'x),
p"(t, x) = '
2p('2t,'x),
%B"(t, x) = ' %B('2t,'x),
' > 0 (1.3.3)
also satisfies the same problem. On the other hand, let us consider the critical function spaces




u"(t, x) = 'u('
2t,'x),
p"(t, x) = '
2p('2t,'x),
%B"(t, x) = %B('2t,'x),
' > 0, (1.3.4)
the new scaling (1.3.4) maintains the equation for the magnetic field in the problem (1.3.1)
invariant. Then since the nearling invariant scalings are both (1.3.3) and (1.3.4), we set the
class for the initial data (u0, %B0) in the problem (1.3.1) as the intersection of two invariant








Moreover, we focus on a solution (u, %B) to (1.3.1) that is close to a constant equilibrium (0, B̄)
at spatially infinity, where B̄ " R3 is a constant vector. If we assume that the magnetic field %B
is in the Sobolev and Besov spaces, then the solution (u, %B) decays at spatially infinity |x| & )
and it provides the linearized system of (1.3.1) is basically decoupled into the Stokes equations
and the heat equation of the magnetic fields. In this thesis, we consider the problem (1.3.1)
with non-decoupled system in the sense of linearized problem that shows essentially di!erent
behavior of solutions from the decoupled case and it a!ects the behavior of the solutions to the
full nonlinear system. In general, the magnetic field does not decay at spatially infinity and it
is more natural and general setting than the known results. Under the assumption on B̄ *= 0,
let us reformulate the problem (1.3.1) by introducing the new unknown function B := %B # B̄










# (!%B)% B̄ = F, t > 0, x " R3,




#!% (u% B̄) = !%G, t > 0, x " R3,
! · u = ! ·B = 0, t > 0, x " R3,
(u,B)|t=0 = (u0, B0), x " R3,
(1.3.5)
where the nonlinear terms F , G are given by
F := #(u ·!)u+ (B ·!)B, G := u%B # $(!%B)%B,
respectively. We state our main results concerning the well-posedness for the incompressible
Hall-magnetohydrodynamic system of this thesis. First of all, we state the result on the local
well-posedness for the initial value problem (1.3.5) in the critical Fourier–Besov space.
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Theorem 1.3.1 (Local well-posedness in the critical Fourier–Besov space). For 1 , p , ),


















then there exists T > 0 such that the problem (1.3.5) has a unique solution (u,B) satisfying
u " C([0, T ); )̇B
"1+ 3p
p,1 ) / L1(0, T ;
)̇B
1+ 3p














Remark. In the case of p = 2, we obtain the local-in-time solution to the problem (1.3.5) without
the smallness condition of initial magnetic field.
We also obtain the result on the global existence of small solution for the problem (1.3.5). In
order to state our result on the global existence, we introduce the following notations: In what
follows, for some fixed j0 " Z, we set u# :=
3
j'j0"1 )j - u and uh := u # u#. For s " R and














2sj())j)u(Lr(0,T ;Lp! ) and





Our main result is stated as follows:
Theorem 1.3.2 (Global well-posedness in the critical Fourier–Besov space). Let 2 , p , 4.
Suppose that the initial data (u0, B0) satisfy







with ! · u0 = ! ·B0 = 0. There exists a positive constant *0 . 1 such that if










the problem (1.3.5) admits a unique global-in-time solution






2,1), uh " C([0,));
)̇B
"1+ 3p







































Similarly as in §1.3.1, we focus on a solution that is close to a constant equilibrium ("̄, 0, B̄) at
spatially infinity, where "̄ is a positive constant and B̄ " R3 is a constant vector. If the boundary
condition for the magnetic field %B is identically 0, then the problem (1.1.1) is decoupled with
the magnetic field and the system can be split into the quasi-linear heat equation and the
compressible Navier–Stokes system (for the result on well-posedness and L2-decay estimates in
the case of B̄ = 0, see [5], [7], [11]). In the following, we reformulate the problem (1.1.1). We













(!%B)% B̄ = g, t > 0, x " R3,







#!% (u% B̄) = !% h, t > 0, x " R3,
! ·B = 0, t > 0, x " R3,
(", u, B)|t=0 = ("0, u0, B0), x " R3,
(1.3.6)
where the nonlinear terms f , g, h are given by
f =# u ·!"# "! · u,

























We state the main results concerning to the well-posedness and time-decay estimates for the
compressible Hall-magnetohydrodynamic system of this thesis. Firstly, we state the result on
the well-posedness for the initial value problem (1.3.6) in the critical Besov space.
Theorem 1.3.3 (The local well-posedness in the critical Besov space). Suppose that the initial
data ("0, u0, B0) satisfies






















, *0, then there
exists a positive time T such that the problem (1.3.6) has a unique solution (", u, B) satisfying
" " C([0, T ); Ḃ
3
2






















Theorem 1.3.4 (The global well-posedness in the critical Besov space). Suppose that






































, *0, then the problem (1.3.6) admits a unique global-in-time solution (", u, B) satisfy-
ing



























Moreover, we establish the decay estimates for the global solutions to the problem (1.3.6),
provided the initial data satisfies an additional low-frequency assumption.
Theorem 1.3.5 (L2-decay estimates). Let ("0, u0, B0) satisfy the assumption of Theorem 1.3.4
and (", u, B) denote the corresponding global-in-time solution of the problem (1.3.6). There
exists a positive constant *0 . 1 such that if in addition





then the global solution (", u, B) satisfies following decay estimates for all t ' 0,
(|!|s(", B)(t)(Ḃ02,1 ,C
1










2) if # 3
2















2) if # 3
2
< s , 1
2
,
where C > 0 is a constant only depeding on "̄, B̄, &, P !("̄), # and $.
The structure of this thisis is organized as follows: In Section 2, we recall some basic facts
about the Littlewood–Paley theory and review several useful properties for the Besov spaces and
Fourier–Besov spaces. In Section 3, we state Biot–Savart’s law and give the proof of Theorem
1.2.2. In Section 4, we investigate the structure of inductive equation in the problem (1.3.5) and
prove Theorems 1.3.1, 1.3.2. Moreover, we also prove the results on local well-posedness in the
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